We show that if A is the tensor product of finitely many continuous nest algebras, B is a CDCSL algebra and A and B have the same normaliser semi-group then either A = B or A * = B.
Introduction
Normalisers of selfadjoint operator algebras were introduced by Murray and von Neumann in the 1930's and have played an important role in Operator Algebra Theory thereafter. They are used in a fundamental way in the theory of crossed products, a notion which provides a setting for Non-commutative Dynamics (see [13] and [20] ). Normalisers constitute a basic object in the theory of limit algebras as well [16] . Normalisers of tensor products of von Neumann algebras were recently considered in [4] , [11] , [17] and [18] . The study of the normalisers of non-selfadjoint operator algebras, namely of nest algebras, was initiated in the 1990's [1] , [7] , [5] . In [14] the notion of a normaliser was generalised and studied in the context of reflexive algebras, a non-selfadjoint generalisation of von Neumann algebras. It was shown that normalisers are closely related to ternary rings of operators, a class of spaces studied independently in Operator Space Theory (see [3] ). This connection provided the base in [8] for the introduction of an equivalence relation for non-selfadjoint operator algebras which later lead to the study of a more general equivalence relation for abstract dual operator algebras linked to Morita equivalence [9] , [10] .
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If A is an operator algebra acting on a Hilbert space H, a normaliser of A is a bounded linear operator on H such that T *
AT ⊆ A and T AT * ⊆ A.
Let N (A) be the set of all normalisers of an operator algebra A. It is obvious that N (A) is a selfadjoint semi-group of operators containing the diagonal A∩A * of A (here and in the sequel we let A * = {A * : A ∈ A}). The question to what extent N (A) determines A was considered in [19] , where A was taken from the class of CSL algebras introduced by Arveson in his seminal work [2] . It is obvious that for any operator algebra A we have that N (A) = N (A * ). It is thus natural to ask to what extent the converse is true; in particular, whether for two CSL algebras A and B the equality N (A) = N (B) implies that either A = B or A * = B. Within the classes where this holds one is able to determine (up to adjoint) the non-selfadjoint algebras belonging to the class by using selfadjoint objects, namely their normaliser semi-groups.
Easy examples, in which the atomic and the continuous parts of the invariant subspace lattices of the algebras are both non-trivial, show that this converse statement fails. It is however true if A and B are totally atomic CSL algebras, as well as when they are continuous nest algebras. Namely, the following result was established in [19] : A class of operator algebras larger than the class of nest algebras is that of CDCSL algebras. It has played an important role in non-selfadjoint operator algebra theory (see [6, Chapter 23] ). CDCSL algebras are characterised among CSL algebras by the fact that the Hilbert-Schmidt operators contained in the algebra are weakly dense in it. We note that finite tensor products of nest algebras possess this property.
In this note we prove the following generalisation of Theorem 1. 
The proof of Theorem 1.2 and some of its corollaries are given in Section 3. In the next section we collect preliminary notions and results.
Preliminaries
All Hilbert spaces in this note will be assumed to be separable. Let H be a Hilbert space and B(H) be the space of all bounded linear operators on H. The set S(H) of all closed subspaces of H is a complete lattice with respect to intersection and closed linear span. Using the bijective correspondence between S(H) and the set P(H) of all orthogonal projections on H, we can equip P(H) with a natural lattice structure. A subspace lattice on H is a sublattice L ⊆ P(H) closed in the strong operator topology. Given a subspace lattice L, we let
be the algebra of all operators on H leaving every projection of L invariant. Obviously, Alg L contains the identity operator, and it is trivial to check that it is closed in the weak operator topology. Conversely, given a weakly closed unital subalgebra A ⊆ B(H), we let A commutative subspace lattice (CSL) on H is a subspace lattice L ⊆ P(H) with the property that P Q = QP whenever P, Q ∈ L. An atom of a CSL L is a non-zero projection E on H such that for every L ∈ L, either E ≤ L or EL = 0. A CSL is called continuous if it has no atoms. A CSL algebra is a reflexive algebra A of the form A = Alg L for some CSL L; equivalently, CSL algebras are the reflexive operator algebras containing a maximal abelian selfadjoint algebra (masa). CSL's and CSL algebras were introduced and studied in depth by Arveson in [2] .
A CDCSL algebra is a CSL algebra A with the property that the Hilbert-Schmidt operators belonging to A are weakly dense in A. We note that usually the definition of a CDCSL algebra is given in terms of a strong distributivity property of its subspace lattice; however, the definition given above is equivalent to it [6, Theorem 23.7] .
A nest is a totally ordered CSL, and a nest algebra is an operator 
subset S ⊆ B(H) we let S = {T ∈ B(H) :
T S = ST, ∀ S ∈ S} be the commutant of S.) It is well-known that every continuous multiplicity free nest is unitarily equivalent to the Volterra nest. We refer the reader to [6] for the theory of nest algebras.
We Tensor products of nest algebras were studied in detail in [12] where it was shown that if N i is a nest and
is the smallest subspace lattice containing the projections of the form P 1 ⊗ P 2 , where
We denote by C 2 (H) the ideal of all Hilbert-Schmidt operators on a Hilbert space H, and by · 2 the Hilbert-Schmidt norm. Let (X, µ) be a standard measure space and H = L 2 (X, µ). The Hilbert-Schmidt operators on H are precisely the integral operators
The function h is called the integral kernel of 
if and only if, up to a null set,
It is obvious that N e (A) ⊆ N (A).

Proof of the result
In this section we give a proof of our main result, Theorem 1.2. We will need several auxiliary facts.
Then the linear span of (ii) Since each continuous multiplicity free nest is unitarily equivalent to the Volterra nest, we may assume that N i = N , i = 1, . . . , n. Suppose that T ∈ C 2 (H) ∩ A is orthogonal to the spaces of the form P C 2 (H)Q where
Thus, tr(P SQT * ) = 0 for all S ∈ C 2 (H) and P and Q of the above form. It follows that tr(SQT * P ) = 0 for all such S, P and Q and so P T Q = 0 for all such P and Q. Suppose that h ∈ L 
)] is weakly dense in B(H).
Proof. It is clear that
is a selfadjoint semi-group, B i is the C*-algebra generated by N (A i ). By Corollary 3.5 (i) of [19] ,
. By the Kaplansky Density Theorem, there exists a bounded net {T
. . , n. We may assume that {ν i } coincides with the same directed set {ν} for all i. It is obvious that
weakly. Since each T ν i can be approximated in the norm topology by a bounded sequence of elements of [N (A i )], we conclude that
w . Thus,
Since [N e (A)]
w is a von Neumann algebra, we conclude that [N e (A)] w =
B(H). ♦ Lemma 3.3 Let H i be a Hilbert space, N i be a continuous multiplicity free nest on
Proof. Without loss of generality, we may assume that H i = L 
It is easy to verify that ST = T S for all S, T ∈ B(H) and that the mapping T → T takes N e (A) onto itself.
A straightforward calculation shows that
Sγ(ζ)T = γ(( T ⊗ S)ζ), S, T ∈ B(H), ζ ∈ H ⊗ H.
Denote by E the right hand side of (3). It follows from the previous paragraph that E is invariant under each operator of the form T ⊗S where S, T ∈ N e (A).
Hence, E is invariant under [N e (A)] [N e (A)]. Lemma 3.2 now implies that E is invariant under B(H ⊗ H) and since E = {0} we have that E = H ⊗ H. ♦
Let A i be a nest algebra acting on a Hilbert space H i , N i = Lat A i and 
It follows that W AV
AT ∈ A and hence T ∈ N (A). ♦
The next proposition shows that the normalisers of the tensor product of finitely many copies of the Volterra nest algebra act transitively on certain Hilbert-Schmidt operators.
Proposition 3.5 Let H i be a Hilbert space, N i be a continuous multiplicity free nest acting on
H i , A i = Alg N i , i = 1, . . . , n, H = H 1 ⊗· · ·⊗H n and A = A 1 ⊗ · · · ⊗ A n .
Suppose that A ∈ A is a non-zero Hilbert-Schmidt operator and P
By Lemma 1.1 (ii) of [19] , for any projection E ∈ N i we have that N (
Here we have identified an operator B acting on a subspace H 1 of a Hilbert space H 2 with the operator B ⊕ 0 acting on H 2 . The algebras C i , B i are continuous multiplicity free nest algebras, and hence are all unitarily equivalent to A v . Lemma 3.3 now implies that
Let E i be a non-zero projection in
Lemma 3.1 (ii) implies that
The converse inclusion follows from Lemma 3.4 and hence (i) is established.
(ii) follows from (i) and the fact that C 2 (H) ∩ A w * = A (see [6] ). ♦
We note the following corollary of Proposition 3.5. 
Corollary 3.6 Let A be a non-zero Hilbert-Schmidt operator in A v and P ∈ N be a projection such that
A = P AP ⊥ . Then [T AT * : T ∈ N (A v )] w * = A v .
Lemma 3.7 Let B i ⊆ B(H) be either equal to
On the other hand, W ∈ N (B). Indeed, let P 1 , P 2 be any non-trivial projections in N and V be a partial isometry with initial space P 1 H and final space P 
It is easy to verify that for any operator algebra C and a unitary operator 
Let B ∈ B be a Hilbert-Schmidt operator and κ ⊆ I n × I n be the support of its integral kernel. Since (µ×µ)(κ) > 0 there exists a subset G ⊆ {1, . . . , n} such that (µ×µ)(∆ G ∩κ) > 0. It follows from Lemma 3.1 (i) and the fact that every continuous multiplicity free nest is unitarily equivalent to the Volterra nest that there exist P i ∈ Lat C i , i = 1, . . . , n, such that the Hilbert-Schmidt operator
Since the diagonals of A and B coincide, it follows that A ∈ B. We also have that
Using the fact that N e (A) = N e (C G ) and Lemma 3.4 we conclude that 
